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Abstract 

The flavor vortex operator Va is a local disorder operator deflned by coupling a 
two-dimensional J\f = (2, 2) chiral multiplet to a non-dynamical gauge held with vortex 
singularity of holonomy 27ra. We show that it is related to the mirror-dual twisted chiral 
multiplet, with bottom component y, as Va = 

1 Introduction 

In quantum field theories there exist operators that are defined by singular boundary 
conditions imposed on dynamical fields in the path integral. Equivalently, such opera¬ 
tors can be defined through the coupling to a singular background field, by which the 
dynamical field is shifted. It is also meaningful to define an operator by coupling the 
theory to a singular background field even when there is no dynamical field to be shifted. 
Much progress has been made in recent years in understanding operators of these kinds, 
the so-called disorder operators. Duality often exchanges disorder operators with more 
conventional operators defined as functions of dynamical fields. In supersymmetric field 
theories, some correlation functions of disorder operators preserving part of supersym¬ 
metry can be exactly computed by localization. 

In this note we study the JV = (2,2) theory on Euclidean plane consisting of a single 
chiral multiplet without a superpotential. A “local” disorder operator, the flavor vortex 
operator, can be defined by coupling the theory to a background gauge field for the 
flavor U(I) symmetry of the form 

Vadip , (1) 

where (p is the angular coordinate around the insertion point and a a real parameter. By 
also turning on the background auxiliary field D in the non-dynamical vector multiplet, 
half of the supercharges can be preserved. The analysis of broken supercharges will 
reveal the connection to mirror symmetry [T]. 

A closely related paper [2] studying gauge vortex operators appeared recently. 
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2 Flavor vortex operator 

A chiral multiplet of two-dimensional M = (2, 2) supersymmetry consists of a complex 
scalar (f>, fermions and a complex auxiliary field F. We put the theory on Euclidean 
plane with metric ds'^ = \dz\'^, where z = + ix'^. Their transformations under the 

supercharges {Q±,Q^) are given in ()19j) . The free theory of a single chiral multiplet 
without a superpotential, possibly with a twisted mass, has a U{1) flavor symmetry. 
We let the fields in the chiral multiplet have charge +1. Fields (<7, u, A±, A±, D) in 
a vector multiplet transform according to ([20]). We are interested in configurations of a 
non-dynamical vector multiplet for which the transformations under some supercharges 
vanish. The twisted mass is simply the constant vev of the complex scalar a. 

It is cleaner to start with a smooth disorder operator of finite size, as in references 
that studied the three-dimensional case. It is defined by coupling the chiral 
multiplet to a smooth background gauge field v = v^dx^. The configuration preserves 
those supercharges for which the variation of the fermions in the flavor gauge multiplet 
vanishes. From pOl) we see that Q- and Q+ are preserved when the condition D = 2ivzz, 
or equivalently Ddx^ A + dv = 0, is satisfied. (Similarly and Q_ are preserved 
when D = —2ivzz-) We characterize the field configuration by a real function p = p{x), 
the “vorticity density”, with support in a compact region: 


D = -27rp , Vzz = Trip ■ 


( 2 ) 


Other fields in the vector multiplet are set to zero. This defines a disorder operator; let 
us call it the smeared vortex operator V[p\. 

For the action S = f d^xC, the Lagrangian 

C = + aa(f)(l) — (^Dcj) — FF 

-|- 2i'iljj^Dz'4)+ ~ 2iip-DzilT- + 'a'lp+'il)- -|- , 

and the transformations ()19p . the supersymmetry current corresponding to the linear 
combination 5 = ie+Q- — ie-Q+ — ie+Q- + ie-Q+ of supercharges is given as 


= —Ae-{D-z4’)'tp+ + 4e_(T)^(/>)V'_|_ -|- 2icre+^V'-i- + 2iae^4>'il>^ , 
= +4:e+{Dz4>)'ilT- — 4e+(iA20)^_ -|- 2ie-d'(j)'ilj- + 2iae-(px[)- . 


Its derivation is reviewed in Appendix jB] Let be the outward normal vector to the 
boundary of the support of p, and ds the line element. By the standard argument [5| 
the integral 


— ds = — 


d^xdfzSf^ 


(5) 


in the defining background for V\p] equals the variation 5V[/9]. A straightforward com¬ 
putation gives 


5V[p\ = dvr 


J d'^x p{x){e-(j)'i/j+ + e+'ip_4>) ■ V[p] . 


( 6 ) 
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Terms proportional to e+ and e_ have dropped out because Q_ and Q_^_ are preserved. 
We now take the limit 

p —>■ a • (5^ (x), (7) 

in which the smeared operator becomes a local operator inserted at the origin: V[p] —)■ 
Va- It is the two-dimensional analog of the flavor vortex loop operator in three dimen¬ 
sions studied in [U [U [7]. (See also [U [U [TO] for the study of the same and the related 
operators in supersymmetric and non-supersymmetric settings.) 

When a takes a non-integer real value, the parallel transport of matter fields around 
Va produces a non-trivial phase; the fields and Va are not mutually local. In the termi¬ 
nology of III EH [13], Va is not a genuine local operator, but is an end of a topological 
line operator. 

For the supersymmetry variations we get 

Q_ ■ Va = dTTza V’-'/' • la ) Q+ ' lo = Vnia (j)il^+ ■ Va ■ (8) 

We see that the variations are proportional to a and Va- This makes us propose that 
Va can be written as 

W. = e-“^ , (9) 

where the local operator y is annihilated by Q- and Q_^_ and hence is a twisted chiral 
operator. If we set 

X+--=iQ+y = ^'n-'^'ilj+, X- ■=-iQ-y =-^'^'^-4’, E-.=, ( 10 ) 

the fields {y,X--,X+jE) form a twisted chiral multiplet transforming as in (I2ip . 

The procedure reviewed in Appendix iBl gives the energy-momentum tensor 

Tzz = -^ttDz4Dz(I) + -Ki'ip_Dz'4- - '^i{Dz'4-)'4- , 

Tzz = -^'KD^<j)Dz4 - T^i'4+Dz'4+ + , (n) 

Tzz = 7r|crp|(/)p - 7rD\cl)\'^ + ■ 

This time we can use the Ward identity [5] 

to compute the derivatives d^Ya- In terms of y, the result is 

dzy = Air{Dz4>)4 ~ , dty = 4 :'k4>Dz(P — ■ (13) 

Using y we can also write the smeared vortex operator as 

V[p] = exp (fxp{x)y{x)^ . (14) 
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3 Mirror symmetry 

The Hori-Vafa mirror symmetry [T] specialized to a single chiral multiplet is an abelian 
duality applied to the phase of the chiral superheld $ = + + + F +.... 

The Landau-Ginzburg model mirror to the original theory contains a twisted chiral 
superheld T, and is characterized by the twisted superpotential 

W = aY + , (15) 

where /z is a mass scale. The superheld Y and its conjugate Y are related to <1>, its 
conjugate <h, and the background vector superheld V as 

y + F = 47r¥e^d>, (16) 

up to an additive renormalization of Re y. Expansion in and 9^ gives relations among 
the helds in the dual theories [T]. These include precisely (jlOl) and m, if y is related 
to {y,x-,X+,E) in Q and ([TO]) as 

Y = y + 9-X- + 0^X+ + O+9-E +... . (17) 

We thus claim that under mirror symmetry, the havor vortex operator Va = and 
the twisted chiral superheld Y in the mirror theory are related as dUD- 

The imaginary part of y in the mirror theory is a compact boson with identihcation 
Imy ~ Imy + 27r. Thus the exponential for a generic real value of a is ill-dehned 
as a local operator, as we found in the original theory. Such an exponential operator 
with non-integer a was considered in HKTOj. 

More quantitative results and cases with gauge symmetries will be discussed else¬ 
where m- 
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A Supersymmetry transformations 

Our conventions are similar to those of m- We parametrize the supersymmetry trans¬ 
formation on Euclidean plane by Grassmann even parameters (e±,e±) as 

6 = ie+Q- — ie-Q-\- — iZ+Q_ -|- iZ-Qj^. (18) 
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The gauge field appears in the covariant derivative as = <9^ + inv^ for a field of 
charge n. Fields in chiral and anti-chiral multiplets transform as 

Scj) = +6+^/'- - , 54) = -e+4- + '^-4+ j 

54- = e_F -|- e-a4 + 2ie+Dz4, 54+ = ^+F — e+W4 + 2ie-Dz4, 

54-= ^-F + e-a4 — 2ie+Dz4, 54+= e+F — e^a4 — 2ie-Dz4, (19) 

5F = +We+4- + ^'^-4+ + ‘2‘i'(^+Dz4+ — 2ie-D^4- ~ *(e+A_ — e_A+)(/>. 

5F = —ae+4- ~ Fe-4+ + 2ie+Dz4+ — 2ie-Dz4- — 4^+^- — ^-^+)4 ■ 

Similarly, for an abelian vector multiplet in the Wess-Zumino gauge we have 

^ _ 2 % _ % 

5vz = —-e_A_ — 2 ^-A- , 5vz = +-e+A+ -|- 2 ^+-^+ > 

5a = —i€-X+ — ie+A_ , 5a = —ie_A+ — ze+A_ , 

AA_ = +i€- {D + 2ivzz) — 2e^dza , AA_|_ = -|-ie+ {D — 2ivzz) + 2e-dza , 

5X- = —il- {D — 2ivzz) — 2e^dza , (5A+ = —i€+ {D + 2ivzz) + 2e-dza , 

5D = dzij+Xj^ — e+A+) — 5z(e_A_ — e_A_). 

Fields in twisted chiral and twisted anti-chiral multiplets transform as 

= ^+X- - e-X+ , = -e-HX- + €-X-h , 

5x- = +2ie+dzy + e-E , 5x+ = 2ie-dzy + e+E , 

5x_ = -2ie+dzy + e-E , 5x+ = -2ie-dzy + e+E, 

5E = 2ie+dzX+ - 2ie-dzX- , ^F = 2ie+dzX+ - 2ie-dzX- • 

B Derivation of and 

The Noether current for the supersymmetry transformation is 

S^^ = - K ^^, (22) 

where is defined by 5C = and dx\df denotes the left derivative. To compute 

we note that the Lagrangian C is, up to total derivatives, the D-component of the 
general supermultiplet with bottom component ^44- The transformation of the general 
multiplet allows us to express T as a total derivative and leads to (jl|). 

Let us use symbols with and without hats to denote frame and coordinate indices, 
respectively. The Lagrangian ([3|) can be covariantized in a natural way when the theory 
is coupled to the background metric To compute = —4:7Th~^^^5Sj5h^'^, we need 

the variation of the spin connection that appears in the spinor covariant derivative 

Dp, = dp + ivp + ^ijjpy^n'^il^]- Requiring that the vielbein ef4 is covariantly constant, 
we obtain (see for example m) 

SojpPp = Vi, (^hpxei0''e^]^5h^'" + ^epxep^5l_5h^'^ - ep„5'l^5ep^'^ . (23) 

Applying this to the computation of A5, one finds that the terms containing 5ej4' cancel 
out. A straightforward and as usual tedious computation yields the result IfTT]) . 
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